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Abstract 

• i-H 

>^ We formulate the Lorentz-Dirac equation in the plane wave and in the Dirac 

■ 5-function pulse. The discussion on the relation of the Dirac 5-function to the 

l^jI ultrashort laser pulse is involved. 
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1 Introduction 

00 

o: 

The problem of interaction an elementary particles with the laser field is, at present time, 
one of the most prestige problem in the particle physics. It is supposed that, in the future, 
the laser will play the same role in particle physics as the linear or circular accelerators 
^ ; working in today particle laboratories. The lasers nowadays provide one of the most 

powerful sources of electromagnetic (EM) radiation under laboratory conditions and thus 
inspire the fast growing area of high field science aimed at the exploration of novel physical 
processes (Mourou et al. 2006; Marklund et al., 2006; Salamin et al., 2006). 

Lasers have already demonstrated the capability to generate light with the intensity 
of 2 x 10 22 W/cm 2 (Yanovsky, et al., 2008) and projects to achieve 10 26 W/cm 2 (Dunne, 
2006) are under way. Further intensity growth towards and above 10 23 W/cm 2 will bring 
us to experimentally unexplored regimes. At such intensities the laser interaction with 
matter becomes strongly dissipative, due to efficient EM energy transformation into high 
energy gamma rays (Zel'dovich, 1975; Zhidkov, et al. 2002). These gamma-photons in 
the laser field may produce electron-positron pairs via the Breit- Wheeler process (Breit, 
et al. 1934). Then the pairs accelerated by the laser generate high energy gamma quanta 
and so on (Bell, 2008), and thus the conditions for the avalanche type discharge are 



1 



produced at the intensity ~ 10 25 W/cm 2 . The occurrence of such "showers" was foreseen 
by Heisenberg and Euler (1936). A conclusion is made by Fedotov et al., (2010), that 
depletion of the laser energy on the electron-positron-gamma-ray plasma (EPGP) creation 
could limit attainable EM wave intensity and could prevent approaching the critical 
quantum electrodynamics (QED) field. This field (Heisenberg et al., 1936; Sauter, 1931; 
Schwinger, 1951) is also called the Schwinger field, E s = m 2 c 3 /eh = 1.32 x 10 16 V/cm, 
corresponding to the intensity of 10 29 W/cm 2 . 

One of the problem is acceleration of charged particles by the laser. The acceleration 
effectiveness of the linear or circular accelerators is limited not only by geometrical size of 
them but also by the energy loss of accelerated particles which is caused by bremsstrahlung 
during the acceleration. The amount of radiation follows from the Larmor formula for 
emission of radiation by accelerated charged particle (Landau et al.1988). 

Here, we consider the interaction of an electron with a plane wave field or, with a 
ultrashort (Dirac 5-function) laser pulse. The quantum motion of electron in a plane 
wave was firstly described by Wolkow (1935). It must coincide in the classical limit with 
the classical solution. 

First, we consider the classical approach to motion of a charged particle in a plane 
field and then in a Dirac 5-function pulse. The attosecond laser pulses described in new 
time in article by Agostini et al.(2004) represents support for activity in laser physics of 
the ultrashort laser pulses. 

2 Classical interaction of a charged particle with a 
plane wave 

To find motion of an electron in a periodic electromagnetic field, it is suitable to solve 
Lorentz equation in general with four potential = a^A^ip), where ip = kx, k 2 = 0. Fol- 
lowing Meyer (1971) we apply his method and then we are prepared to consider radiation 
reaction which has some influence on the motion of electron in the electromagnetic field. 
The Lorentz equation with = a^A(<p) reads: 

^ = V— (V'P-^-f)%); a' = ^, (i) 

gst m m dtp 

where r is proper time and p^ = midx^j dr). After multiplication of the last equation 
by k 11 , we get with regard to the Lorentz condition = d^A^ = a^d^A((p) = k^A', or, 
k ■ a = and k 2 = 0, the following equation: 

d AtA = (2) 
dr 

and it means that k ■ p is a constant of the motion and it can be defined by the initial 
conditions for instance at time r — 0. If we put p^{r = 0) = then we can write 
k ■ p = k ■ p°. At this moment we have with dip = k ■ dx: 

mk ■ dx dip 
A;.p = ^^ = TO-, (3) 

or, 
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dp = k-p° 
dr m 

So, using the last equation and relation d/dr = (d/dp)dp/dr, we can write equation 
(1) in the form (dp^/dr = (d(p/dr)(dp fl /d(p)): 

^ = fc^o (M -P~^ k - P W) = e (k^ - a,) A'(<p) (5) 
giving (after multiplication by a^ 1 ) 

rl( n ■ n\ 

= -ea 2 A', (6) 



dip 
or, 

a ■ p = a ■ p° — ea 2 A. (7) 
Substituting the last formula into (5), we get: 

dp^ _ / fc M a-p° \ cL4 e 2 a 2 rf(A 2 ) 

This equation can be immediately integrated to give the resulting momentum in the 
form: 

o (a ^ u P Q u^^\ e 2 A v A l ,k ll , . 

p > =p *- e { A *-irjr)-~zk^ r - () 

3 Classical interaction of a charged particle with a 
(5-function pulse 

One of the primary goals of ultrashort laser science is to provide more insights into 
the dynamics of atomic electrons. One general interest is the direct probing in time 
of hyperfast electronic rearrangements following the creation of an inner-shell hole. There 
is a study using sub-femtosecond burst of XUV light probed the motion of an electron 
wave packet under the influence of an infrared lasers electric field. Furthermore, the 
precise timing of the electron wave packet emitting the high harmonics can be measured 
by observing the two-photon ionization electron energy spectrum These pioneering 
experiments are reviewed by Agostini et al. (2004). 

What are the limits and future of attosecond pulses? The goal of the laser physics 
is to generate very short pulses. At present time we are able to generate the attosecond 
pulses (Agostini et al., 2004). Nevertheless, the final goal of short pulse laser laboratories 
is to generate laser pulse in the 5-function form, and there is no theory which restricts 
the attainability of such pulses. It is not excluded that the mystery of the Higgs boson 
will be revealed just using such laser pulses. So, let us first remember the rigorous theory 
of 5-function. 
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The 5-function mathematical theory can be presented in a very simple way (Marty- 
nenko, 1973). Namely, using the definition of the unite Heaviside step function denoted 
as the 77-function. It is defined by the relation: 

,« = {;; HI do) 

The ^-function is the limiting case of the sequence r) n (t). 

11 7T 

Vn(t) = 77 H — arctan(nt); | arctan(nt)| < — . (11) 

2 7T 2 

Using this sequence, we define the 5-generating sequence 

5n(t) = j fVn (t), (12) 



The 5-function is then defined as the limiting case of the last relation 

T) 

bit) = lim — — -. (14) 

V ; n->«> n(t 2 n 2 + 1) K J 

So, we get that the 5-function is derived as 

'-o- <15) 

If we perform the integration of the 5 n function, we get: 

5 n(t)dt = / . 2 2 ■ - dt = - / d(arctan(rat)) = 1. (16) 

-00 J-oo IT [t z n z + 1 7T JO 



For t = 0, we have 



and 



So, we write 



8n{t) = -; 6(t) = Vm6 n (t) (17) 



/oo 
<S(t)dt = 1. (18) 
-00 



Let us remark that the (^-function was in the history of mathematics used also by 
Poisson, Cauchy, Hermite and others. At present time the 5-function is called the Dirac 
5-function because it was introduced into quantum mechanics rigorously by Dirac. 

The (^-function has also meaning in classical mechanics. Newtons second law for the 
interaction of a massive particle with mass m with an impact force S(t) is as follows: 
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= P6(t), (20) 

where P is some constant. If we express 5-function by the relation 5(t) = fj(t), 
then from eq. (20) x(t) = P/m follows immediately. The physical meaning of the 
quantity P can be deduced from equation F = PS(t). After t-integration we have 
/ Fdt = J m(dv/dt)dt = mv = P, where m is mass of a body and v its final velocity 
(with v (0) = 0). It means that the value of P can be determined a posteriori and then 
this value can be used in more complex equations than eq. (20). Of course it is necessary 
to suppose that <5-form of the impact force is adequate approximation of the experimental 
situation. 

Now, if we put into formula (9) the four-potential = a^A(tp) = a^i](tp) of the 
impact force, then for tp > when rj > 1, we get: 

o ( °^Vv^^ \ e 2 a l/ a l/ k f j i , 

p » = p »- e { a ^T^r)-^k^r- (21) 

The last equation can be used to determination of the magnitude of a M similarly as it 
was done in discussion to the eq. (20). It can be evidently expressed as the number of 
A;-photons in electromagnetic momentum. For tp < 0, it is rj = and therefore p M = p ^ 

It is still necessary to say what is the practical realization of the 5-form potential. We 
know from the Fourier analysis that the Dirac 5-function can be expressed by integral in 
the following form: 

1 f°° 

8Up) = - / cos(s(p)ds. (22) 

7T JO 

So, the 5-force and 5-potential can be realized as the continual superposition of the 
harmonic waves. In case it will be not possible to realize experimentally it, we can 
approximate the integral formula by the summation formula as follows: 

<%0 ~ -£cos(s^). (23) 
* o 

If we consider the <5-form electromagnetic pulse, then we can write 

Ffn, = a^ u 5(p). (24) 

where tp = kx = out — kx. In order to obtain the electromagnetic impulsive force in this 
form, it is necessary to define the four-potential in the following form: 

A, = ^V(V), (25) 
where function i] is the Heaviside unit step function defined by the relation: 

,(,> = {;; HI- (26) 

If we define the four-potential by the equation (25), then the electromagnetic tensor 
with impulsive force is of the form: 
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Ffu, = d^A u - d u A^ = (k^a u - k u a^)5(ip) = a^ u S(ip). 



(27) 



4 Lorentz-Dirac equation in a plane wave and in the 
^-function field 

It is well known that Lorentz-Dirac equation describes motion of a charged particle in 
electromagnetic field where also the bremsstrahlung force is involved in the equation. 
The bremsstrahlung force is in the nonrelativistic limit expressed in the following form: 



f 2e2 " 



(28) 



The force f is not active force and it means it cannot cause motion of electron. In 
other words the equation f = mv has no physical meaning. The bremsstrahlung force is 
meaningful only with addition of the active force. Then the bremsstrahlung force acts as 
the so called light friction. 

The relativistic equation which involves the bremsstrahlung force is so called Lorentz- 
Dirac equation and it can be evidently written in the form (Landau et al., 1988): 



mc- 



dr 



-F v v 

C 



9 u., 



where g M can expressed according to Landau et al. (1988) in the form: 



9» = 



2e 2 / d 2 v„ v d 2 v„ 
3c I dr 2 



V * V dr* 



(29) 



(30) 



where the form of the bremsstrahlung term leads in the nonrelativistic limit to eq. (28), 
where is the four-velocity and the radiative term was approximated by Landau et al. 
in the form (Landau et al., 1988): 



9 Li = 



2e 3 OF, 



■ V% + (F a y) (F«X) V (31) 



3mc 3 dx a 3m 2 c 5 3m 2 c 5 

It is possible to show that the space components of the 4- vector force is of the form 
(Landau et al., 1988) 



2e 3 
3mc 3 



v 

~~ 2 

2e 4 



-1/2 



dt 



(W) H 



3m 2 c 4 
2e 4 



|e x H + x (H x v) + ^-E(vE)} 



1 



E + -(vx H) --j(Ev 



1 



3m 2 c 5 (l - £) 

Using the Lorentz equation we can express the second derivative in the form: 

d 2 v„. 



(32) 



dr 2 



mc 



' d a (F ltv )v a ir+ ' 



F F ua v 



mc 1 



(33) 
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After insertion of the last equation in the Lorentz-Dirac equation, we get the Lorentz- 
Dirac equation in the final form: 



di) p { p p ~\ 

mc-^ = -F, v v v + — — d a F^v v v a - 2 F m F™v v + —v^F^F^ , (34) 

get c 6mc 6 I mc z mc A J 

It seems that the solution for the plane wave of the last equation was never given in 
literature, so we write here such equation in order to find the solution by the same method 
which was used for the solution of the Lorentz equation. 

Using plane wave potential = a^A({p) with ip = kx, we get after insertion it into 
the last equation as follows: 

dv 6 2c*^ 
mc-^ = -(k^a u - k u a^)A'v v + -^—^ {(k^a u - k v a^)k a A"v a v u - 

(k^ - k a a^ (k u a a - k a a v )v v A ,2 + 



mc 2 



+ (k a a p - kpa a )(k a a~< - h' r a a )v\v li A' 2 } . (35) 

If we define new quantities K^ v as follows, K^ u = k^a u — k u a^, we can write the last 
equation in the form: 

mc^ = -K^v" + {K, u k a AW- 



e 



mc 2 



K m K^v u A 12 + K^R^v^A 12 } , (36) 

which is the system of the differential equation which is interesting to be solved in 
mathematical physics. 

In case of the periodic (laser field) we define the vector potential in the form with 
polarization 

A^(ip) — a^sinip + b^cosip; ip = kx, (37) 

where for circularly polarized wave, the coefficients in eq. (37) are not independent but 
are defined by the relations: 

= «A = o- (38) 

For the 5-function pulse it is A^ = a^r]{ip). 

In case that we are interested to determine function F = kv from the differential 
equation, we multiply eq. (35) by and we get with regard to relations k 2 — 0, ka — 0: 



dF 

mc 



where F = kv. 

After multiplication of equation (35) by a M , we get with G = av: 
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mc ^ = - e - F a 2 A> + { \-F 2 a 2 A" + -^-F 2 Ga 2 A' 2 \ (40) 
ar c \omc 6 J I mc z J 

In case of the 5-function potential, we use the tensor of he electromagnetic field F^ u 
in the form (27) and the corresponding equations for F, G are as follows. 

m 4HS(^) FWi F ^ kv ' (41) 

where F = kv and 

m( dG = _£ Fa2 , + / 2e?\ ip*^, + e ^^,2 j . (7 — av ^ ( 42 ) 
ar c ySmc 6 J I mr J 

where for function 77 we can use the definition (11) with n — > 00, or directly the (^-function 
for 77'. 

5 Discussion 

We have presented, in this article, the solution of the Lorentz equation for motion of a 
charged particle in the electromagnetic plane wave field and in the (^-function form of the 
laser pulse. We also formulated Lorentz-Dirac equation in the electromagnetic plane wave 
field and in the (^-function form of the laser pulse. 

The present article can be also related to the author discussion on electron in laser field 
(Pardy, 1998; Pardy, 2001), where the Compton model of laser acceleration was proposed 
and quantum theory of motion of electron in laser field. 

The 5-form laser pulses are here considered as an idealization of the experimental 
situation in laser physics. Nevertheless, it was demonstrated theoretically that at present 
time the zeptosecond and subzeptosecond laser pulses of duration 10~ 21 — 10" 22 s can be 
realized by the petawat lasers. It means that the generation of the ultrashort laser pulses 
is the keen interest in development of laser physics (Agostini et al., 2004). 

Let us remark that while the 5-form pulses are not still used in the theoretical laser 
physics, such exotic pulses are constantly used in the synchrotron physics, where the 
equation for the betatron radial vibration involves the derivative of the 5 function: 

f J, + ^r = ^n Cn 5'(t-U), (43) 

where r being the radial deflection from radius R of the local orbit with energy E and 
the number of harmonic n. 

So the synchrotron theory uses not only <5-form pulses of photons radiated by an 
electron accelerated on an orbit, but also their derivative (here denoted by symbol '). 

The friction force in eq. (28) is not active force and it means it cannot cause motion 
of electron. In other words the equation f = mv has no physical meaning for f defined 
by eq. (28). The bremsstrahlung force equation is meaningful only with addition of the 
active force. Then, the bremsstrahlung force acts as the so called light friction. 

The equation with light friction and absence of external force 
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mv = —v (44) 

produces not only physical meaningful solution v = const but also so called run-away 
solutions v = exp[(2e 2 /3c 3 )t], the absurdity of which is evident. The problem is frequently 
discussed in the scientific physical journals and it was not till this time solved by the 
satisfactory way. There is an elementary solution of this problem if we redefine the 
friction force by relation 

i^frj(E); E = |E|. (45) 

Let us remark that such elementary operation is not involved in the textbooks 
on electrodynamics. On the other hand, the adequate solution of the problems with 
Lorentz-Dirac equation is evidently in replacing this equation by quantum electrodynamics 
(QED) equation. It follows from the well known historical analogue. Namely, that he 
Bohr planetary model equation for the hydrogen atom was replaced by the Schrodinger 
equation, Schrodinger equation was replaced by the Pauli equation, Pauli equation was 
replaced by the Dirac equation and by the Dirac-Schwinger equation and QED, and QED 
was replaced by the Schwinger source theory including also gravity. So the final goal 
should be to find the QED-Lorentz-Dirac equation. 

In case of an acceleration of a charged particle by the homogeneous gravitational field, 
no electromagnetic field is generated and there is no radiation reaction. Particle during 
its free fall is "free" and its surrounding field has energy, which corresponds to mass which 
falls as a free mass. The same conclusion should follow from the electro-gravity Einstein 
equations. 

We have seen that the (^-function form of force is an impact which causes that the body 
obtains the nonzero velocity or nonzero momentum at t — 0. The situation in quantum 
field theory is a such that 5-function is a source which can generate elementary particles. 
It is not excluded that the Big Bang started at t = by 5-function form of impact. The 
idea that the existence of universe started with the zero radius was formulated many years 
ago by Friedmann and Lamaitre. While the Friedmann solution follows from the Einstein 
general relativity, quantum chromodynamics gives no answer that the Big Bang started 
by the (^-function form source of quarks and leptons. 

In QED the charged particle interaction with EM fields is determined by relativistically 
and gauge invariant function parameters Xi /? 9-, an d t ne total probability of emission of 
photons is function W(x, f,g), where (Ritus, 1979; Nikishov et al. 1970; Berestetzkii et 
al. 1089) (h = c=l) 

X 2 = -^(V) 2 , / = -^(^) 2 ' 9 = -^e x ^F^. (46) 

In case of the Redmond configuration, i.e. in case of crossed fields, E _L H, parameters 
f,g = 0, and W = W(x,0,0). This function is also the probability of the same 
process in the plane wave field (Nikishov et al., 1967). And, It is possible to show that 
every ultrarelativistic electron moves in the situation with the fields of the Redmond 
configuration (Berestetzkii et al., 1989). 

With regard to the fact that every invariant parameter involves the electromagnetic 
tensor F^, it can be expressed as the electromagnetic tensor for the 5-function pulse, and 
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also the invariant function W can be transformed to this situation. With regard to eq. 
(27), we have (h = c = 1) 

X 2 = ~(V^ 2 M. / = 4W^H> '/—^ew^^foO- (47) 

/ / & f ft f ft 

For the Redmond configuration we then have W = W(x, 0, 0) — >■ F(5(ip)). Such 
mathematical object is still not the integral part of the infinitesimal calculus and it means 
that the mathematical analysis is open for study of such objects. On the other hand, the 
adequate laser and particle physics corresponding to such object can be promising. 

New experiments can be realized and new measurements performed by means of the 
ultrashort laser pulses, giving new results and discoveries. So, it is obvious that the 
interaction of particles with the laser pulses can form, in the near future, the integral part 
of the laser and particle physics in such laboratories as ESRF, CERN, DESY, SLAC and 
specially ELI. 
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